Environment specific quantitative trait loci (QTL) refer to QTL that express differently in different environments, a phenomenon called QTL by environment (Q×E) interaction. Q×E interaction is a difficult problem extended from traditional QTL mapping. The mixture model maximum likelihood method is commonly adopted for interval mapping of QTL, but the method is not optimal in handling QTL interacting with environments. We partitioned QTL effects into main and interaction effects. The main effects are represented by the means of QTL effects in all environments and the interaction effects are represented by the variances of the QTL effects across environments. We used the MCMC implemented Bayesian method to estimate both the main and interaction effects. The residual error covariance matrix was modeled using the factor analytic covariance structure. A simulation study showed that the factor analytic structure is robust and can handle other structures as special cases. The method was also applied to Q×E interaction mapping for the yield trait of barley. Eight markers showed significant main effects and 18 markers showed significant Q×E interaction. The 18 interacting markers were distributed across all seven chromosomes of the entire genome. Only one marker had both the main and the Q×E interaction effects. Each of the other markers had either a main effect or a Q×E interaction effect but not both. 
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INTRODUCTION
Genotype-by-environment (G×E) interaction is a very important phenomenon in quantitative genetics. With the advanced molecular technology and statistical methods for QTL mapping (JANSEN 1993; LANDER and BOTSTEIN 1989; ZENG 1994) , G×E interaction analysis has shifted to QTL by environment (Q×E) interaction. In the early stage of QTL mapping, almost all statistical methods were developed in a single environment (PATERSON et al. 1991; STUBER et al. 1992) . Data from different environments were analyzed separately and the conclusions were drawn from the separate analyses of QTL across environments. These methods do not consider the correlation of data under different environments and thus may not extract maximum information from the data. Composite interval mapping for multiple traits can be used for Q×E interaction if different traits are treated as the same trait measured in different environments (JIANG and ZENG 1995) . This multivariate composite interval mapping approach makes good use of all data simultaneously and increases statistical power of QTL detection and accuracy of the estimated QTL positions. However, the number of parameters of this method increases dramatically as the number of environments increases. Therefore, the method may not be applied when the number of environments is large. Several other models have been proposed to solve the problem of large number of environments (BEAVIS and KEIM 1996; JANSEN et al. 1995; ROMAGOSA et al. 1996) . These methods were based on some special situations and assumptions. One typical assumption was independent errors or constant variances across environments. These assumptions are often violated in real QTL mapping 4 experiments.
Earlier investigators have realized the problem and adopted the mixed model methodology to solve the problem (BOER et al. 2007; PIEPHO 2000) . Under the mixed model framework, people can choose which model effects are random and which are fixed. The mixed model methodology is very flexible, leading to an easy way to model genetic and environmental correlation between environments using a suitable error structures. PIEPHO (2000) proposed a mixed model to detect QTL main effect across environments. Similar to the composite interval mapping analysis, his model incorporated one putative QTL and a few cofactors. The Q×E effects in the model were assumed to be random, which has greatly reduced the number of estimated parameters. However, the fact that only one QTL is included in the model means that PIEPHO's (2000) model remains a single QTL model rather than a multivariate model. BOER (2007) proposed a step-by-step mixed model approach to detecting QTL main effects, Q×E interaction effects, and QTL responses to specific environmental covariates. In the final step, BOER (2007) rewrote the model to include all QTL in a multiple-QTL model and re-estimated their effects.
In this study, we extended the Bayesian shrinkage method (XU 2003) to map Q×E interaction effects of QTL. In the original study (XU 2003) , we treated each marker as a putative QTL and used the shrinkage method to simultaneously estimate marker effects of the entire genome. In the multiple environment case, we can still use this approach to simultaneously evaluating marker effects under multiple environments but we can further partition the marker effects into main and Q×E interaction effects. For any particular marker, the mean of the marker effects represents the main effect and the variance of the marker effects represents the Q×E interaction effect for that marker. Under the Bayesian framework, we assigned a normal prior with zero mean and an unknown variance to each marker main effect and a multivariate normal prior with zero vector mean and homogeneous diagonal variance-covariance matrix to the Q×E interaction effects of each maker. In multiple environments, the structure of the error terms might be very complicated since we need to consider the correlation of the same genotype under different environments.
In our analysis, we used different variance-covariance structures to model the error terms. The simplest case was homogeneous diagonal matrix, and the most complex choice was an unstructured matrix. We also used a heterogeneous diagonal matrix whose parameters are somewhere between the two models. Finally, we considered several factor analytic models. The reason to use the factor analytic structure is that it can separate genetic effects into common effect and environment specific effects. In additional, the factor analytic structure is parsimonious and thus can substantially reduce the computational burden of the mixed model analyses. 
THEORY AND METHOD

Hierarchical model
where is an variance-covariance matrix, which can be chosen from a class of available forms (to be discussed later). We have now defined the data and parameters. The nest step of the Bayesian analysis is to choose prior distribution and
Posterior distribution
The Markov chain Monte Carlo (MCMC) algorithm was used to implement the Bayesian shrinkage analysis. In the MCMC sampling, we only need to derive the fully conditional posterior distribution for each parameter. For example, the fully conditional posterior distribution for  is denoted by ( | ) p   , where the dots after the vertical bar represents the data and all other parameters. Except for the prior of  , all other priors we chose in the previous section are conjugate. Therefore, the fully conditional posterior has the same form as the prior distribution. Derivation of the posterior distribution was not given and we simply provided the parameters of the fully conditional posterior distribution for each variable.
The posterior distribution for  is multivariate normal
where
The posterior for k  is also multivariate normal,
The posterior distribution for k  is normal, 
We now discuss the posterior distributions for all the variance components, 
MCMC sampling
Since all the fully conditional posterior distributions have closed form distributions, either a normal or a scaled inverse chi-square, Gibbs sampler was used for sampling all the variables, which is summarized below.
(1) Initialize all variables by sampling the values from their prior distributions.
(2) Sample the parameters sequentially from their corresponding posterior distributions.
(3) Repeat the sampling cycle until the chain reaches a desired length.
The posterior sample contains all the observations after burn-in deletion and chain thinning. Post MCMC analysis was performed on the posterior sample. We often ran multiple chains and took the average posterior statistics across the chains as the Bayesian estimates of the parameters.
Covariance structure
We now introduce several alternative covariance structures for the residual errors.
Identity matrix
The simple structure described earlier
is called the scaled identity matrix structure. This assumption is over simplified and should be relaxed in real data analysis.
Diagonal matrix
The covariance matrix is defined as
which represents uncorrelated residual errors but has taken into account non-homogenous residual variances for different environments. This assumption may hold in most situations. Each was assigned a scaled inverse chi-square distribution and the fully conditional posterior distribution for is
3. Unstructured matrix
The unstructured covariance matrix has been used before by JIANG and Zeng (1995) for multivariate QTL mapping. The only restriction for matrix  is positive definite.
We assigned an inverse Wishart prior distribution to  . This prior is the multivariate version of the scaled inverse chi-square distribution, 
is an sum of squares matrix, different from the SS defined in equation (20).
Factor analytic structured matrix
The covariance matrix has the following structure,
It is called factor analytic structure because this structure has been used in factor analysis. This factor analytic structure was derived based on the following latent variable linear model for the residual errors,
where is an
distribution, B is an matrix called factor loading and is a vector of independent errors and
is a diagonal matrix for the independent error variances.
Under the factor analytic structure, the MCMC algorithm requires sampling B and for , in addition to other parameters. We now describe the prior and posterior of these new variables. The prior for is standardized multivariate normal given in equation (30). The fully conditional posterior distribution remains multivariate normal,
and
The factor loadings are represented by an m r  matrix B . Let be the lth column of matrix B for
, r   . We now rewrite equation (29) 
Given and knowing that
equation (34) is a typical multivariate regression problem. The fully conditional posterior distribution of l B is multivariate normal,
Having provided the fully conditional posterior distribution for every variable, we are now ready to conduct the Gibbs sampler to infer the empirical posterior distribution for each variable.
APPLICATIONS
Barley data analysis
We used a barley data obtained from the North American Barley Genome
Mapping Project (TINKER et al. 1996) to demonstrate the application of the new method. In the barley QTL mapping project, there were 127 mapped markers covering 1500 cM of the barley genome. Seven traits were investigated in the project. In this study, we used the yield trait analysis for the demonstration. The doubled haploid (DH) population was initiated from the cross between Harrington and TR306. The DH population consisted of 145 lines, each grown in 28 different environments. The dataset was updated after it was first published in 1996, but the difference between the original and the updated data was minor so that we can still compare the current result with that from the original study.
We used six different covariance structures to analyze the data, which were (1) the homogeneous (constant) variance The length of the Markov chain consisted of 200,000 sweeps. The first 100,000
sweeps were deleted as burn-in and thereafter the chain was thinned by keeping one observation in every 100 sweeps, producing 1,000 observations in the collected posterior sample for post MCMC analysis.
In order to test the significance of the QTL effects, we conducted a permutation test to generate the null distribution of each main effect and each Q×E interaction effect. In the permutation analysis, we repeated the MCMC sampling method as described before but reshuffled the phenotypic values. The permutation analysis was proposed by CHE AND XU (2010) who called it permutation inside the Markov chain. In the permutation analysis, the length of the Markov chain was 200,000 sweeps. The first 100,000 sweeps were deleted as burn-in and the chain thinning rate was one over 25. The posterior sample contained 4,000 observations.
From the null distribution, we drew confidence interval for each estimated effect. An effect was claimed to be significant if the estimated value fell outside of the 99% confidence interval of the null distribution.
Among the six covariance structures, the second structure D   (a diagonal matrix) detected the maximum number of QTL (main and Q×E interaction effects).
Although more QTL does not mean better, it is hard to use cross validation to evaluate different structures under the MCMC implemented Bayesian analysis. Bayes factors are often used to evaluate different models. However, the complexity of our proposed model makes the calculation of the Bayes factors difficult. Therefore, we used the Bayesian information criteria (BIC) to evaluate the performance of the six different models. The BIC score was calculated using Table 1 , which indicates that the second (heterogeneous residual variance) model performed better than all other models. The first order factor analytic model was the second best model with a BIC score slightly larger than that of the best model.
The result of the best model is depicted in Figure 1 , where the posterior means of the main effects and the Q×E interaction effects are plotted against the genome locations of the markers. Figure 1 also gives the 99% confidence intervals for the main and Q×E interaction effects. Eight markers showed significant main effects and 18 markers showed significant Q×E interaction. The 18 interacting markers were distributed across all seven chromosomes of the entire genome. Only one marker had both the main and the Q×E interaction effects. Each of the other markers had either a main effect or a Q×E interaction effect but not both. The estimated main and Q×E interaction effects for the markers are given in Table 2 .
We also performed an individual marker analysis to compare the result with that of the Bayesian analysis. For the individual marker analysis, QTL mapping was conducted separately for each environment. The average estimated effect for each marker across the 28 environments represented the main effect while the variance of the estimated effects across the environments represented the Q×E interaction effect.
The estimated main and Q×E interaction effects of the single marker analysis are shown in Figure 2 . We can see that this figure is quite similar to Figure 1 
Arabidopsis data analysis
The barley data contains many environments which is hard to find in most studies. So we also applied our model to a recombinant inbred line data of Arabidopsis data (LOUDET et al. 2002) , where two parents initiating the line cross were Bay-0 and Shahdara with Bay-0 as the female parent. Flowering time was recorded for each line in two environments: long day (16-hour photoperiod) and short day (8-hour photoperiod). The population contained 420 lines. A total of 38 microsatellite markers were used for QTL mapping. We inserted a pseudo marker in every 2 cM of the genome and had a total of 200 markers (38 true markers plus 162 pseudo markers) in our analysis. Figure 3 shows the main and Q×E interaction effects of the Arabidopsis data under the unstructured covariance model. The 95% confidence intervals for the main and Q×E interaction effects are also given. Four markers showed significant main effects and six markers showed significant Q×E interaction effects.
Simulation Study
The barley data analysis did not show the advantage of fitting appropriate covariance structures over the simple diagonal covariance matrix because the 28 different environments did not seem to be correlated. Therefore, we conducted two simulation experiments (Simulations 1 and 2) in this section to demonstrate the importance of covariance structure to the Bayesian analysis of Q×E interaction. We also did a two-environment simulation (Simulation 3) to demonstrate the fitness of our model for small environments.
In simulation 1, we used the real marker information from the North American Barley Genome Mapping Project (TINKER et al. 1996)  , the QTL effects, the B matrix and the D matrix are given in Table 4 and 5. The simulated data were analyzed using the six different covariance structures described early in the barley data analysis. We expected that the first three structures (homogeneous variance, heterogeneous variance and unstructured matrices) would perform poorly but the last three structures (first order, second order and third order factor analytic structures) perform better, especially the third order factor analytic structure.
In the MCMC implemented Bayesian analysis, the length of the Markov chain was 50,000 sweeps. The first 25,000 sweeps (burn-in period) were deleted. The chain thinning rate was one in 50. The empirical posterior sample contained 500 observations for the post MCMC analysis. The MCMC experiment with the same simulated data was repeated a few times to make sure that the chain had converged to the stationary distribution.
The results of the simulation studies are depicted in Figure 4 for the average main effects of 20 replicates and Figure cannot not achieve such a nice performance, which means that among the 20 replicates these models generated some false main effects. Table 3 shows the average BIC scores for the six different covariance structures. We see that the factor analytic structure outperformed the other three models. This is consistent with our expectation.
The lowest BIC occurred in the second order factor analytic structure. However, the third order factor analytic structure (the true model) was just slightly higher than the second order structure. The log likelihood value of the third order factor was higher than the second-order. Table 4 gives the average estimated main and Q×E interaction effects obtained from the 20 replicates based on the second order factor analytic model. When we compared the estimated main effects and the true effects, we noticed that large main effects were estimated quite accurately but small effects were shrunken to zero. The Q×E interaction effects were always detectable regardless the sizes of the effects. Table 5 gives the true intercepts and the residual error variances (the D matrix) along with their estimated values. The true B matrix is also given in Table 5 . The estimated B was not given here because the columns of B are independent and thus are exchangeable. This does not affect the estimate of the covariance structure. We have checked the average estimated variance-covariance matrix and did observe three separate environment groups.
Although the stability test and BIC scores showed the advantage of factor analytic model, the differences of marker main effects for the six models are not very obvious in figure 4 . So performed the second simulation experiment (simulation 2) to further demonstrate the advantage of factor analytic model. We mainly focused on comparison of heterogeneous diagonal structure and three factor analytic models. In this simulation, 100 DH lines in 8 environments were generated with 30 markers. The distance between two nearby markers is 30 cM. The intercept  was given values ranging from 200 to 305 for the eight environments. We assumed that three out of the environments. We also chose the factor analytic covariance structure Figure 7 shows the estimated main effects of the four models. We can clearly see many false positive main effects in the heterogeneous diagonal structure. The BIC scores for the four models are 4264, 3362, 2495, and 2558, which also are in favor of the factor analytic models.
D
In simulation 3, we also generated 100 DH lines using the same marker information given by simulation 2, but this time we only simulated two environments. promising results also demonstrate that our proposed method is a good choice to handle data with small environments.
DISCUSSION
The importance of this study is reflected by two major contributions to Q×E study, the multiple QTL model and the factor analytic covariance structure. The multiple QTL model for Q×E is an extension of the Bayesian shrinkage analysis for mapping QTL in a single environment (XU 2003) . The factor analytic covariance structure is available in the literature but has never been applied to QTL mapping.
Other covariance structures may be considered in future studies, e.g., the AR(1) and CS (compound symmetry) covariance structures. These alternative structures can be used to fit models when the environments represent temporal or spatial variation. The 28 environments in the barley experiments represent 28 different locations (spatial variation). However, the information about the location was not available to us. We believe that the factor analytic structure is robust and can be fit to a wide variety of covariance structures, ranging from the simplest diagonal matrix to the most complicated unstructured matrix by choosing different orders of the factors. This has been demonstrated by the similarity of the diagonal matrix and the first order factor analytic model in our data analyses. The factor analytic model is also easy to fit under the general linear model framework. Both the factor loadings and the factors themselves have normal posterior distributions and can be sampled using the Gibbs sampler approach.
The most significant contribution of this study was to use the variance of QTL effects across environments to measure the size of the Q×E interaction for a particular QTL. This has significantly simplified the Q×E study. If the number of environments were small, however, the variance would not be accurately estimated. In this case, one should use some kind of linear contrasts of the environment specific effects as a measure of the Q×E interaction. Arabidopsis data and simulation 3 are two examples of such a treatment. The variance would then simply serve as a tool to shrink the environment specific QTL effects. The MCMC sampling procedure remains the same, but the post MCMC analysis needs to be modified.
The method developed in the current study only applies to plants where the same genotype can be replicated in multiple environments. In animals where the same genotype cannot be replicated (except identical twins), some modification is required. 
